An 8 ϫ 8 band edge potential matrix of the ͓hkil͔-oriented wurtzite Hamiltonian is developed and applied to explore optical anisotropy in ͓hkil͔-oriented wurtzite semiconductor quantum wells. The wave-vector-dependent optical matrix elements are expressed entirely in terms of Hamiltonian matrix elements, thus avoiding the requirement to introduce any additional optical parameters. To accommodate the noncubic symmetry of the wurtzite lattice, spinor rotation is taken into account when performing the calculations for different crystal orientations. The optical matrix elements are formulated and calculated for both the real finite-barrier-height case and the approximate infinite-barrier-height case. It is found that giant anisotropy of the optical matrix elements appears in the ͓1010͔-and ͓1012͔-oriented well planes.
I. INTRODUCTION
Heterostructures and quantum wells ͑QWs͒ based on gallium nitride ͑GaN͒ and related III-nitride compounds have received extensive attention in the literature due to their outstanding potential for a wide range of applications, including blue and ultraviolet lasers and light-emitting diodes. [1] [2] [3] [4] [5] Band structure engineering in semiconductor QWs plays an essential role in developing high-performance optical devices. 6, 7 Besides quantum confinement and strain, 7-10 the crystallographic orientation 11, 12 provides an additional variable with which to tailor the band structure when developing optical devices. Exploiting ͓hkil͔-oriented planes provides designers with a further degree of freedom when developing advanced optical devices. These non-͓0001͔-oriented planes yield an alteration of the crystal symmetry in different growth directions, and hence lead to a modification of the band structure. However, low-symmetry planes prompt anisotropy of the optical matrix elements on the growth surface. 11, 12 For example, Rau et al. 13 and Sun et al. 14 identified the presence of giant in-plane optical anisotropy ͑over 90%͒ in nonpolar III-nitride based wurtzite QWs grown along the ͓1010͔-direction, while Sharma et al. 15 observed weaker optical anisotropy ͑ϳ32% ͒ in semipolar III-nitride based wurtzite QWs grown along the ͓1013͔ direction.
Recent advances in crystal growth technologies now enable the growth of high-quality III-nitride based semiconductor heterostructures on substrates with orientations other than the conventional ͓0001͔ direction. The resulting crystal heterostructures are of particular interest due to their unique optical and electronic properties, such as optical anisotropy in quantum-confined semiconductor devices. Laser diodes are designed to have a reduced threshold current when operating under a specific polarization direction. 16 However, many of the optoelectronic devices used in modern optical telecommunication and storage systems require a polarization-independent operation. Therefore, detailed studies of in-plane optical anisotropy phenomena are required. This study commences by developing an 8 ϫ 8 band edge potential matrix for the ͓hkil͔-oriented wurtzite GaNbased Hamiltonian. This matrix is then used to perform a detailed exploration of the optical anisotropy of GaN-based QWs. Calculating the optical properties of crystalline solids requires a knowledge of their wave-vector-dependent optical matrix elements. In this paper, these matrix elements are derived using the formalism proposed by Lee Yan Voon and Ram-Mohan, 17 who showed that the optical matrix elements can be expressed entirely in terms of the Hamiltonian matrix elements by taking the gradient of the Hamiltonian matrix with respect to the wave vector. 11, 12, 18 By adopting this approach, the optical matrix elements can be related directly to the Hamiltonian matrix elements, thus avoiding the need for any additional optical parameters. In this study, the optical matrix elements are formulated for both the real case of a QW finite-height barrier and the approximated case of a QW infinite-height barrier. In both cases, calculations are performed to investigate the optical anisotropy in wurtzite QWs of various ͓hkil͔ orientations. A good qualitative agreement is observed between the two sets of result. Hence, the QW infinite-barrier-height approximation method provides a suit-able approach for rapidly calculating the ͓hkil͔-oriented optical anisotropy in wurtzite QWs with an acceptable level of accuracy.
Previous studies by the current author 11, 12 investigated optical anisotropy in ͓hkl͔-oriented zinc blende In 0.53 Ga 0.47 As/ InP QWs. Adopting the same framework as that used in these early studies, the current investigation performs a detailed exploration of optical anisotropy in ͓hkil͔-oriented wurtzite GaN / Al 0.2 Ga 0.8 N QWs.
II. THEORETICAL METHOD
This section applies Kane's model [19] [20] [21] [22] [23] to derive expressions for the Hamiltonian and optical matrix elements of an arbitrary crystal orientation ͓hkil͔ in a wurtzite semiconductor and its heterostructure.
A. †hkil ‡-oriented Hamiltonian matrix elements
The Schrödinger equation relating the periodic part u vk ͑r͒ of the Bloch function and the energy E v ͑k͒ near the band edge has the form 21, 23, 24 
where
In the above, u vk represents the linear combination of the periodic parts of the band edge states u v0 with coefficients a v , where v denotes the band index of the bulk structure. Additionally, V͑r͒ is the potential profile, H so takes account of the spin-orbit interaction, and is the Pauli spin matrix. A Cartesian coordinate system ͑X , Y , Z͒ can be attached to the primary crystallographic axes. If spinor ͑↑↓͒ and wave vector ͑k͒ lie along an arbitrary direction ẑЈ, the following transformations can be used to establish the basis functions in the general coordinate system ͑XЈ , YЈ , ZЈ͒, [24] [25] [26] 
where and are the polar and azimuthal angles of ẑЈ relative to the ͑X , Y , Z͒ coordinate system, respectively, and the spin-up and spin-down states are expressed in vector form as
respectively. 26 In contrast to the zinc blende structure considered in previous studies, 11, 12 the current wurtzite lattice has noncubic symmetry, and hence spinor rotation must be considered when performing the wurtzite calculations for different crystal orientations. Significantly, spinor rotation is neglected in the wurtzite calculations presented in the literature. [27] [28] [29] [30] [31] When operating on the sp 3 basis with spinor, the spinorbit Hamiltonian H so yields the following 2 ϫ 2 spin-up and spin-down matrices:
with the remaining H so matrices equal to zero. Similarly, when operating on the sp 3 basis with spinor, the H 0 Hamiltonian yields a 2 ϫ 2 spin-up and spin-down matrices of the following form:
with the remaining H 0 matrices equal to zero. Note that the energy terms in these matrices, i.e., E c0 , E v0 , ⌬ 1 , ⌬ 2 , and ⌬ 3 , are as defined by Chuang and Chang.
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As in previous studies, 11, 12, 25 the k-dependent parts of the Hamiltonian for an arbitrary crystal orientation ͓hkil͔ in the wurtzite QW are obtained by applying a 3 ϫ 3 rotation matrix O R of Eq. ͑2b͒ to transfer the ͓0001͔ k-dependent Hamiltonian H XYZ ͑k͒ = ͓͑ប 2 k 2 /2m 0 ͒ + ͑ប / m 0 ͒k · p͔ from the ͑X , Y , Z͒ coordinate system to the ͑XЈ , YЈ , ZЈ͒ coordinate system, i.e.,
where the superscript t indicates matrix transposition.
B. Optical matrix elements under quantum well infinite-barrier-height approximation
Parameters P 1 and P 2 in Kane's model are defined
respectively. The optical matrix elements are related to parameters P 1 and P 2 . These two parameters have different values in wurtzite crystals due to anisotropy between the directions parallel and perpendicular to the ͓0001͔ ͑or c͒ axis, respectively. Consequently, establishing the physical properties of wurtzite crystals is more complicated than in the case of zinc blende crystals. The optical matrix elements between the electron and hole basis functions can be expressed as
where the superscript ͑ * ͒ denotes the Hermitian conjugate, xЈ, ŷЈ and ẑЈ denote the unit vectors along the XЈ, YЈ, and ZЈ axes, respectively, and p = ͑ប / iٌ͒͑ X x + ٌ Y ŷ + ٌ Z ẑ͒ is the momentum operator. The hole basis functions can be expanded as
The Hamiltonian at the zone center of a QW can be solved by setting k x Ј = k y Ј = 0 and k z Ј =−i͑‫ץ‬ / ‫ץ‬zЈ͒. 32 Furthermore, by adopting infinite-barrier-height and envelopefunction approximations, the optical matrix elements of a QW structure are rendered independent of the envelope functions, which are then expressed only as cell-periodic parts in the Bloch functions u v0 . 11 The valence band edge state u v0 can then be written
where v denotes the heavy-hole ͑HH͒, light-hole ͑LH͒, or crystal-field split-off ͑CH͒ bands, and the coefficient vector ͓a b c d e f͔ t is given by the normalized eigenvector of the 6 ϫ 6 valence Hamiltonian at the zone center ͑k x Ј = k y Ј =0͒. Consequently, the squared magnitudes of the optical matrix elements at the zone center for xЈ-, yЈ-and zЈ-polarization lights can be determined from 11, 32 
where c − v denotes the optical transition between the c ͓=conduction ͑C͔͒ and v ͑=HH, LH, or CH͒ bands, and ê ␣ Ј denotes the unit vector in the ␣Ј direction of the polarized optical field with ␣Ј= xЈ, yЈ, or zЈ.
C. Optical matrix elements under quantum well finitebarrier-height reality
In reality, a QW has a finite barrier height. As a result, the k-dependent optical matrix element M n Ј ,n ͑k ʈ ͒ between the conduction and valence subband states, i.e., ͉nЈ , k ʈ ͘ and ͉n , k ʈ ͘, respectively, is given 11, 12, 18, 33 
͑10͒
where nЈ and n denote the conduction and valence subband indices of the QW, respectively, k ʈ represents the in-plane wave vectors, and F v ͑n , k ʈ , z Ј ͒ is the envelope function of the QW state. In the present study, Eq. ͑10͒ is solved using the finite-difference technique. The explicit expressions of the optical matrix elements in the finite-difference scheme, i.e., O v Ј ,v ͑k ʈ , z͒ and Q v Ј ,v ͑k ʈ , z͒, are given in the Appendix and are obtained by taking the first-order derivative of the Hamiltonian with respect to the wave vector. 11, 12, 17, 18 Although the optical matrix elements for the GaN heterostructure and QW have been studied in previous articles using the envelope function technique, 34, 35 these articles did not take spinor rotation into account when performing calculations for different wurtzite crystal orientations.
III. RESULTS AND DISCUSSION

A. †hkil ‡-oriented potential matrix elements
According to Eqs. ͑2͒-͑4͒, the k-independent parts of the Hamiltonian ͑H 0 + H so ͒ for an arbitrary growth direction ͓hkil͔ are given by
where The zinc blende structure has a cubic symmetry, and hence the potential matrix elements in the ͓hkl͔-oriented Hamiltonian are independent of the growth direction and remain constant. 11, 12 However, the wurtzite structure lacks cubic symmetry, and therefore the potential matrix elements in the ͓hkil͔-oriented Hamiltonian are dependent on the growth direction, as shown in Eq. ͑11͒. In a structure with cubic symmetry, the energy parameters are specified as ⌬ 1 = 0 and ⌬ 2 = ⌬ 3 , respectively. Applying these parameter settings, the ͓hkil͔-oriented potential matrix elements in Eq. ͑11͒ are rendered independent of the growth direction and remain constant.
B. Optical anisotropy under quantum well infinitebarrier-height approximation
When adopting the infinite-barrier-height approximation for the QW, the envelope-function part of the wave function can be written as a simple sine function. Consequently, the overlapping integral between the conduction and valence envelope functions is always unity for the permitted subband transitions, and therefore the optical matrix elements at the zone center of the QW depend only on the cell-periodic part of the band edge states, u v0 .
11 By taking the eigenstates u v0 as the new basis set, the ͓hkil͔-oriented Hamiltonian becomes diagonal. Thus, according to Eqs. ͑6͒-͑9͒, the squared magnitudes of the optical matrix elements can be expressed explicitly as
and These expressions can then be divided by a factor of ͑ប 2 /2m 0 ͒ to yield units of eV. In general, the in-plane optical anisotropy of ͓hkil͔-oriented QWs is defined as
Adopting the infinite-barrier-height approximation and specifying k z Ј = 0.05 ͑1/Å͒, Figs. 1͑a͒-1͑c͒ present the optical anisotropy at the zone center ͑k x Ј = k y Ј =0͒ of GaN QWs as a function of the substrate orientation for the C-HH, C-LH, and C-CH optical transitions, respectively. Figures  2͑a͒-2͑c͒ show the equivalent results for the case of k z Ј = 0.10 ͑1/Å͒. The optical matrix elements are dependent on the wave vector k z Ј for wurtzite QWs, but not for the current zinc blende QWs. 11 The reason for this is that cubic symmetry is broken in a wurtzite crystal, as discussed earlier. Consequently, nonzero off-diagonal potential matrix elements exist in the wurtzite structure, but not in the zinc blende structure. 11 As a result, the zone-center mixing of ͓hkil͔-oriented wurtzite QWs depends on both the k z Ј -independent off-diagonal elements of the potential matrix and the k z Ј -dependent off-diagonal elements of the Hamiltonian, which results in a k z Ј -dependent eigenvector ͓a b c d e f͔ t . By contrast, the zone-center mixing of ͓hkl͔-oriented zinc blende QWs is dependent only on the k z Ј -dependent off-diagonal elements of the Hamiltonian since the zinc blende lattice has cubic symmetry, and hence a k z Ј -independent eigenvector is obtained. 11 Note that due to the symmetry of the eight octants, Figs. 1 and 2 show only the first octant. Furthermore, since the Hamiltonian has cylindrical symmetry with respect to the c axis, the optical matrix elements ͑and the optical anisotropy͒ are independent of the azimuthal angle ͑͒ and depend only on the polar angle ͑͒. Figures 1 and 2 reveal that the in-plane optical anisotropy attains a maximum value at a polar angle of 90°͑
i.e., the ͓1010͔-oriented plane͒ for the C-HH and C-LH transitions. However, the CH band is located far away from the valence band edge, and hence the contribution of the C-CH transition to the optical properties of the semiconductor ͑e.g., the optical absorption, gain and refractive index͒ is reduced compared to that of the C-HH and C-LH transitions. Consequently, Figs. 1 and 2 show that the maximum optical anisotropy occurs in the ͓1010͔-oriented plane in wurtzite QWs. Furthermore, the two figures show that the k z Ј -dependent optical anisotropy has opposite signs ͑positive and negative͒ for the C-HH and C-LH transitions near a polar angle of 43.2°͑i.e., near the ͓1012͔-oriented plane͒ for k z Ј = 0.05 and 0.10 ͑1/Å͒. This phenomenon is the result of the k z Ј dependence of the optical matrix elements for wurtzite QWs.
C. Optical anisotropy under quantum well finitebarrier-height reality
For the practical case of a QW with a finite barrier height, the in-plane ͑xЈ-yЈ plane͒ squared magnitudes of the 1͑a͒-1͑c͒ and 2͑a͒-2͑c͒ for the QW infinitebarrier-height approximation case. Giant optical anisotropy of the optical matrix elements is evident near the zone center of the ͓1012͔-and ͓1010͔-oriented QWs. However, away from the zone center, the situation becomes more complicated due to band mixing effects at the finite in-plane wave vector. The band mixing effect among the various subbands causes a redistribution of the transition strength, and therefore the optical anisotropy varies at different in-plane wave vectors. The calculations reveal an obvious difference between the mixing at the zone center and the band mixing at the nonzero in-plane wave vector. Specifically, the former has little influence on the dispersion of the subbands, but has significant anisotropic effects, while the latter influences the subband dispersions, but has no significant effect on the optical properties. Figure 5 shows the in-plane ͑xЈ-yЈ plane͒ optical anisotropy for transitions from the first confined state in the conduction band to the first confined state in the valence band at the zone center of ͓101l͔-oriented GaN / Al 0.2 Ga 0.8 N QWs for both finite-barrier-height ͑solid line͒ and infinite-barrierheight approximations ͑dashed line͒. Note that l varies from zero ͑i.e., = 90°and =0°͒ to infinity ͑i.e., = 0°and =0°͒. It is observed that the results obtained using the infinite-barrier-height approximation method ͓Eq. ͑12͔͒ are in good qualitative agreement with those obtained under the assumption of a finite barrier height ͓Eq. ͑10͔͒. Since the mixing among the basis functions of HH, LH, and CH is not significant, the first confined state in the valence band can be referred as HH1. For the C1-HH1 transition, the greatest optical anisotropy is observed in the ͓1010͔-oriented well plane in both narrow and wide well-width QWs. Meanwhile, a weaker anisotropy is found in the ͓1012͔-oriented well plane in narrow well-width QWs. Finally, it is seen that no in-plane optical anisotropy occurs in the ͓0001͔-oriented well plane. Since the ͓0001͔-oriented QW belongs to the D 6h highsymmetry point group, the polarization property of the optical matrix elements is isotropic in the well plane. However, the other QW orientations have only low twofold symmetry D 2h and hence their polarization properties are manifested in anisotropy in the QW planes. Figure 5 shows that the inplane anisotropy near the ͓1012͔-oriented orientation increases with decreasing well width ͑i.e., L Ͻ 50 Å͒. For narrow well widths, the absolute values of the anisotropy converge towards a value of 1 and become saturated. This saturation effect occurs initially around the ͓1010͔ orientation, and subsequently around the ͓1012͔ orientation.
IV. CONCLUSIONS
This paper has taken account of spinor rotation in performing calculations for different wurtzite crystal orientations. The corresponding results for the optical matrix elements and their anisotropy in wurtzite quantum wells have been presented. The k-dependent optical matrix elements are expressed entirely in terms of Hamiltonian matrix elements, thus avoiding the requirement for additional optical parameters. This study has constructed an 8 ϫ 8 ͓hkil͔-oriented potential matrix of the wurtzite Hamiltonian, and has derived the ͓hkil͔-oriented optical matrix elements for GaN/Al 0.2 Ga 0.8 N quantum wells under both an infinitebarrier-height approximation and a finite-barrier-height reality. A good qualitative agreement has been observed between the two sets of results. The calculations have shown that the maximum value of the optical anisotropy appears in the ͓1010͔-oriented well plane. For narrow well-width QWs, giant optical anisotropy exists in the well planes near the ͓1012͔ orientation. The results of the current investigation provide valuable guidelines for the design of polarization stabilization devices requiring polarization control or selectivity.
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